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BECHMANN'S NUMBER FOR HARMONIC OVERTONES OF
THICKNESS-SHEAR VIBRATIONS OF ROTATED-Y-CUT

QUARTZ PLATES

D. W. HAINES*

Department of Civil Engineering, Columbia University, New York, N.Y.

Abstract-A method is developed for calculating Bechmann's Number for the harmonic overtones of anti
symmetric thickness-shear vibrations of crystal plates. In most cases the solution can be expressed as a simple,
explicit formula. Values of Bechmann's Number for the AT-cut-quartz plate for the first ten modes are calculated
for the ranges of percentage plate-back encountered in applications.

INTRODUCTION
THE rotated-Y-cut [IJ quartz crystal plate contains a digonal axis of symmetry of the
crystal, and it is cut at an angle (0) with the trigonal axis. When referred to rectangular
axis in and normal to the plane of the plate, the constitutive relations exhibit monoclinic
symmetry. For straight-crested waves propagating in the direction of the digonal axis
(xd in the plane of the plate, thickness-shear motion is coupled not only with thickness
stretch but with face-shear as well; i.e. even though the major displacement component
(u d is parallel to the x 1 axis, there will always be some accompanying displacement in the
directions of the X2 and X3 axes, as shown by Ekstein [2].

Antisymmetric thickness-shear waves can easily be excited piezoelectrically in such
plates [3J by an electric field across the thickness. These waves are characterized by an odd
number of nodes of displacement u 1 through the thickness of the plate. At long wave
lengths in an infinite plate, the frequencies are approximately proportional to the number
of nodes: hence the term harmonic overtones.

In all but some very rare harmonic modes, the frequency has a minimum value (cut
oft) at zero wave number (infinite wave length), below which waves exist but are non
propagating and the wave number is imaginary [4]. If there is a small mass loading due to
electrode deposits on the faces of the plate, the frequencies of this "plated" plate are
lowered, slightly, in proportion to the amount of mass loading.

Considered in this paper is an infinite plate with uniform electrodes on both faces of
its central portion in the form of strips extending indefinitely in the direction of the X3

axis but of finite width (2a) in the x 1 direction (see Fig. 1). With such a partially plated plate
excited in thickness-shear vibration, mechanical energy can be trapped under the elect
rodes in the form of standing waves reflected at the interfaces Xl = ±a [5]. The amplitude
of the thickness-shear wave decays exponentially away from each interface in the unplated
portion of the plate. Such a phenomenon is possible when the frequency is in the narrow
range between the two cut-off frequencies.

In this frequency range, anharmonic overtones, corresponding to phase reversals of
displacement under the electrodes in the x 1 direction, can also be trapped. When a finite
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FIG. I. Partially plated infinite plate.

crystal, for which this infinite plate is an idealization. is used in filter circuits, these over
tones are a major so~rce of unwanted responses_ Bechmann observed that all but the
fundamental mode could substantially be eliminated if the ratio of the electrode area to
the total plate area is small enough [6].

Demands of the electrical circuit call for the largest possible electrode width; hence the
need for a design criterion giving the largest width for which only the fundamental fre
quency of the anharmonic overtone series occurs bet'ween the two cut-off frequencies,
In a plate such as described in the present paper, Bechmann's Number is defined as the
ratio (a/h) of this critical plating width (2a) to the plate thickness (21t). Theoretical values
have been found previously for the cases of the first thickness-shear harmonic mode [7J
and for all the harmonic modes of thickness-twist waves propagating perpendicular to
the digonal axis [8]. Empirical formulas for Bechmann's Number for harmonic overtones
of thickness-twist and thickness-shear have be\:~n presented by Shockley, Curran. and
Koneval [9J. In [7J it was shown that the criterion for Bechmann's Number for the Hrst
thickness-shear mode is that the plating width be equal to the wave length in the infinite.
plated plate at the cut-off frequency of the corresponding mode in the unplated plate.
This criterion was adopted as a postulate. in Ref. [8]. for harmonic overtones of thickness
twist modes. In the present paper. the same criterion is proved to be valid. under certain
restrictions. for all harmonic modes of thickness-shear.

To Hnd these critical wave lengths. the frequency-wave number relationship, i.e. the
dispersion relation. is required for the infinite, plated plate at long wave lengths. It is
shown that the branches of the dispersion relation for an infinite, plated plate have very
nearly the same shape as the corresponding branches for the unplated plate, and all fre
quencies are lowered by an amount nearly equal to the difference between the two cut-off
frequencies. Except where another branch (e.g. thickness-stretch) is close by. these branches
are sufficiently described by their ordinates, slopes, and curvatures at cut-off as predicted
previously [8]. Therefore, a simple shift of the asymptotic description of the thickness
shear branches for the unplated plate, first developed by Ekstein [2], is all that is neces
sary, in most cases, for the plated plate.

The two asymptotic equations are then employed to obtain a simple, explicit formula
for Bechmann's Number, and values are computed for the AT-cut (8 = 35° 15') quartz
plate for the Hrst ten modes.
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GENERAL EQUATIONS

With the usual strain-displacement relations

SI = UI,I,

S2 = U2,2'

S3 = U3,3'

S4 = U2,3 + U3,2'

S5 = UI,3 +U3,1, (1)

the stress-strain relations for monoclinic symmetry, with the digonal axis x I and the axis
normal to the plate X2, are, for cij = cii'

TI = CIISI +C12S2 +C13S3 +C I 4 S 4,

T2 = C21S1 +C22S2+C23S3+C24S4'

T3 = C31 S 1 +C32S2+C33S3+C34S4,

T4 = C41S1 +C42S2+C43S3+C44S4,

T5 = C55 S 5+ C56 S 6.

T6 = C65 S 5 +C66S 6'

The stress equations of motion, with body forces omitted. are

TI,I + T6 ,2 + Ts,3 = pu I ,

T6 ,I + T2 ,2 + T4 ,3 = PU2.

T5 ,l + T4 ,2 + T3 ,3 = PU3,

(2)

(3)

where p is the mass per unit volume.
Substitution of (1) into (2) and then these results into (3) gives the displacement equa

tions of motion for Ui = Ui(X I ' x2. t) :

CIIUI,II +C66U 1,22 +(C12 +(66)U2,12 +(c14 +(56)U3,12 = PUI'

(c12 +(66)UI,12 +C66U2,11 +C22 U2,22 +C56U3,11 +C24U3,22 = PU2,

(c14+ C56)UI,12+ C56U2,11 +C24U2,22+ C55 U3,ll +C44 U3,22 = PU3'

(4)

The electrode plating is assumed to contribute only inertia effects to the boundary condi
tions on the surfaces X2 = ± h. With the density of the plating p' and its thickness 2h' ~ h,
these boundary conditions, again for Ui "" uJx I, X2' t), are

T6 = C56U3,I+C6~'!UI.2··~1'2.i)

T2 = C12UI,1 +C::li_.2 +C24113,2

+-2p'h'UI'

+- 2p'h'U2' (5)

on X2 = ±h. Equations (4) and (5) art required to obtain the solutions of an infinite.
plated plate. For the unplated case. the equations of (5) reduce to the traction-free condi
tions: T6 = T2 = T4 = 0 on X2 = ± h
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At the interfaces x I = ±a, between plated and unplated portions, continuity of dis
placement and traction across the common surface must be satisfied:

(6)

where barred symbols pertain to the plated portion. By applying (6) and both infinite plate
solutions, we can obtain the solution of the partially plated plate shown in Fig. 1.

CHARACTERISTIC EQUATION FOR AN INFINITE, PLATED PLATE

In order to furnish the information required for the determination of Bechmann's
Number, an asymptotic solution of (4) and (5), in terms of frequency as a function of the
wave number (~) in the x I direction, is obtained for the infinite, plated plate. We take, as
appropriate forms,

iii = Al cos ~XI sin iix2 eiwt ,

U2 = A 2 sin ~XI cos iix2 eiii>t,

U3 = A 3 sin ~x I cos iix2 eiwt .

(7)

(11)

Substitution of these expressions for iii into (4) yields

(c l l 2+C66ii2_p(2)A I +(c12 +C66)~iiA2+(c14 +C56)~iiA3 = 0,

(c 12 + C66)~iiA I + (('66~2 + c22ii2 - p(
2)A2+ (c56~2 + C24ii2)A3 = 0, (8)

(c14 +C56)~iiAI +(e56~2 +C24ii2)A2+(C55e +C44ii2- p(2)A3 = O.

Hence, for the assumed iii to be solutions of (4), W, ~, and ii must satisfy the characteristic
equation

CII~2+C66i12_pw2 (c 12 + C66)~i1 (e 14 + C56)~i1

(C12 +C66)~i1 C66~2 + C22i12 - pw2 (c 56~2 + C24i12) = O. (9)

(c14 +C56)~i1 (c56~2 + C24i12) C55~2 + C44ii2- pw2

This equation is identical in form with that obtained for the unplated case [2, 10]. This is
to be expected because nothing in the development thus far depends on the nature of the
boundary conditions. Examination of (9) reveals that there are three wave numbers i1i>
i = 1,2,3, for given values of wand ~. Then, for i = 1,2,3, we have, from (8),

(cllPf +C66 - pw2/i1f)A Ii + (e12 + C66)PiA 2i +(c14 + C56)PiA 3i = 0,

(c12 +C66)PiA Ii+(C66N +C22 -pw2/i1f)A 2i +(c56Pf +C24)A3i = 0, (10)

(c14 + C56)PiA Ii +(c56Pf + C24)A2i +(c56Pf +C44 - pw2/i1f)A 3i = 0,

where Pi = ~/i1i' Also, the solutions must take the form

iiI = cos~xl(All sin i11X2 +A 12 sin i12X2 +A 13 sin ii3X21 eiii>t,

ii2 = sin ~xl(A2l cos i11X2 +A22 cos ii2X2 +A23 cos i13X2) eiii>t,

ii3 = sin~xl(A3l COSiiIX2+A32 cos i12X2+A33 cos i13x2)eiW',



Bechmann's number for harmonic overtones of thickness-shear vibrations of rotated-Y-cut quartz plates 5

or, more concisely,

where the amplitude ratios

3

iiI = ei")tcoS~XI I I ljA jj sinijjx 2,
j~ I

3

ii2 = eiwtsin~xl I L2jAjjcosijjX2,
j~ I

3

ii3 = eiwtsin~xl I I 3jAjjcosijjX2,
j~ I

Iij = Au/Ajj , (no summation is implied)

are so chosen as to avoid indeterminacies at ~ = 0 [10].
For ~ = 0, (9) becomes

-2 -2 0 0C66'7 - pw

0 -2 -2 -2 =0.C22'7 - pw C24'7

0 -2 -2 -2
C24'7 C44'7 - pw

Solutions of (14) are

(12)

(13)

(14)

i = 1,2,3, (15)

i = 1,2,3,

where

CI = C66,

The solutions of (9), valid for small Pi< give the characteristic equation

-2 kpw i a2 R4--::z = 1+2: Pi + 0(1'; ),
Clli Vi

where v; = ('dCI and

(16)

k
l

= ~_[(CI2+C66)COSO+(c14+c56)sinO]2

CI CI(C2 -cd
[(c14 +C56) cos O-(c12 +C66) sin Of

CI(C3 -cd

k
_ (66 cos 20 + 2(56 sin (J cos (J +

2 -
C 1

k
3

= C55COS20 2c56 sinOcos(J+

C 1

The angle 0 = tan 1[c24/(c2 -C44)], measured from the.\2 axis in the.\2 -.\3 plane, gives
the inclination of the normal coordinates .\2 and .\) when ~ = O. The x I axis completes
the system of normal coordinates at ~ = O. Equation (16), valid in either the plated or
unplated case, is another form of (24) in Reference [10].
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By means of (16), the frequency can no'lV be eliminated from the amplitude coefficients
given by (10) and (13):

[2\ = L~tl31 +O(m),

[31 = L 31 fil +O(fii)·

I: 12 = L'12fi2 + O(fi~)·

[1.\ = L'lJfi3+ 0 (fij),

[23 = --tan O+O(fi3)·

[32 = tan () + O(fih

The L;), identical with those of(26) in Ref. [10], are:

L21 = (~~~~~.£c\ -CH~~(~~~Cj~CH
(c2- i l)(c3- c d

L 3I = ~1~_2=_C de2~-t-J':~2=_~56) (c 1.=--.(2 zl
(C2- CJ!(c3- CI)

SI~PLE THICKNESS-SHEAR MODES OF AN
INFINITE, PLATED PLATE

(17)

Simple thickness modes. first studied by Koga [IIJ for an un plated plate, determine
the possible frequencies at infinite wave length (~ = 0) in an infinite plate. These fre
quencies are the ordinates at which the branches of the dispersion relation intersect the
frequency axis of the dispersion diagram, Needed in this paper is a result similar to Koga's.
but for a plated plate. Three types of antisymmetric modes are possible, each identified
with one of the three material constants Ci • For the considerations of this paper. only the
thickness-shear modes are of interest. i.e. solutions of the type

(18)

This problem is identical with that previously solved for simple thickness-twist modes in
a plated plate [12]. Substitution of (18) into (4) gives

(19)

which is identical with (15) for the case i = 1. Consideration of the boundary conditions
(5) shows that, for this case, 1'2 == 1'4 == 0 and

Clij cos ijh = 2p'h'(jj2 sin ijh. (20)
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Combination of (19) and (20) gives

Riih tan fjh = 1, (21)

where R = 2p'h'/ph: the ratio of the plate-back mass to the mass of the quartz. The solu
tion of (21) can be expressed as

ii?h = (n - a,,)nj2, n = 1,3,5, ... (22)

(24)
~ = w2/w? = n-an •

Solution of (21) and (22) for ct" gives

where a", dependent on Rand n, is small in comparison with unity, for small Rn, and is
zero for R = 0, corresponding to the unplated case. Equation (22) indicates that, as in
the unplated case, the Ul displacement, antisymmetric through the thickness, has n nodes.
Equations (19) and (22) give, for the cut-off frequencies,

-0 _ (n - all)nJc1 (?3)
W II

- 2h p' -
In (22) and (23), the superscript "0" indicates that these are values at ~ = O. The superscript
"1 ,. in fi?h denotes a thickness-shear mode.

If the frequencies are non-dimensionaJized by dividing them by the frequency of the
lowest simple thickness-shear mode in an unplated plate (w? = n(cl!p)t/2h), then

02 = w2/w? = n,

(25)

for small values of Rn.

FREQUENCY EQUATION OF AN INFINITE, PLATED PLATE

Having obtained the frequencies corresponding to the simple thickness-shear modes
from (23), we find the frequency equation of an infinite plate in the neighborhood of ~ = 0
by considering

(26)w= (n-~~+6)Vi

where i is a function of~. Substitution of (26) in (16) gives the wave numbers through the
plate thickness:

i = 1,2.3,
n=1,3,5....

(27)

where

_ 1££
y. =

I 2v;
k~2h2

(n - Cln)rrvi

Equation (27) is valid for sman il, and it is assumed. tentatively, that e= O({hfJJ
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(28)

The boundary conditions for the plated plate have been given in (5). Substitution of(12)
in these equations gives

3 3

L Ajj86j cos ijjh = 2p'h'iJj2 L Ajjr lj sin ijjh,
j= 1 j= 1

3 3

L A jj82j sin ifjh = 2p'h'iJj2 L A jjr 2j cos ijjh,
j= I j= I

where

3 3

L A jj84j sin ifjh = 2p'h'iJj2 L A jjr 3j cos ijjh,
j= 1 j= I

86j C66ifjr 1j +C66~r2j+CS6~r3j,

8 2j = C'2~r'j+C22ifjr2j+C24ijjr3j,

84j = CI4~rlj+C24ifjr2j+C44ifjr3j'

(29)

Using (17), we obtain values of 8ij , valid for small Pi :

861 = ifICI[1 +O(pm,

862 = if2C2[B62P2 + O(P~)],

863 = if3C3[B63 P3 +O(pm,

8 21 = ij l C 1[B':21Pl +O(Pf)],

822 = ihc2[1 +O(P~)],

823 = if3C3[ tan 0 + O(pm,

841 = ijICI[B41 PI +O(pm,

842 = if2C2[tan 0 + O(pm,

843 = ij3c3[1 +O(P~)],

where

C2B62 = CS6 tan O+C66 +C66L'12,

C3 B63 = CS6-C66 tanO+C66L'13,

cIB],1 = Cl2 +C22L ],1 +C24L31'

cIB41 = CI4+ C24L ],1 +C44L31'

From (28) we require

86j cos ijjh M Ij sin ijjh

6. == 8 2j sin ijjh + M 2j cos ijjh = 0

84j sin ijjh + M 3j cos ijjh

where the Mij (= 2p'h'iJj2rij) are the contributions of the plating inertia.

(30)

(31)
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(34)

(33)

(32)

j = 2,3,

j = 2,3,

Solutions of (31), valid for small Pi> can be obtained through the use of (17), (26), (27)
and (30) as follows. Substitution of (27) in sin ifih and cos ifih gives

sin r;ih = (1-tYl) sin Gi+Yi cos Gi+O(~3h3Pr)

cos r;ih = (1- tYl) cos Gi - Yi sin Gi +O(~3h3Pl)

where Gi = (n - (J.n)rc/2Vi' The error involved in sin r;ih is changed to O(~4h4Pf)if cos Gi ::::: 0
and, when sin Gi ::::: 0 the error becomes O(~4h4P4) in cos iiih. The latter possibility is of
importance in some of the higher modes (n > 5) for the AT-cut of quartz. This condition
occurs when another antisymmetric branch, particularly thickness-stretch, is close to the
thickness-shear branch in the neighborhood of the frequency axis.

Substitution of (17) and (26) in M ij , gives

MIj ifjcjRGJL'lj+O(PJ)],

M j, iflC,RG1[L;, +O(PJ)],

M 3Z = ifzczRGz[tan 8+0(pm,

M 23 = fhc3RG3[ -tan 8+0(P~)],

M jj ifjcjRGJl +O(PJ)], j = 1,2,3.

Finally, by use of(30), (32) and (33), the frequency equation, valid for Rn ~ 1, e= O(~hPi)

and small Pi, is obtained from (31):

~ = Yl[sin Gz +(RGz +yz) cos Gz][sin G3 +(RG3+Y3) cos G3](cos 8)-Z

x [1 +O(R) +O(RznZ)] +v3l/tZ[sin Gz+RGz cos GZ](B63 cos G3- RG3L'13 sin ( 3)

x (Bll tan 8-B~,)[1+O(RznZ)+O(yz)] -vzl/tZ[sin G3 +RG3cos G3]

X (B6Z cos Gz - RGzL~z sin GZ)(B~l tan 8+ B21)[1 + O(R znZ)+O(Y3)]

=0

where l/t = 2~h/(n-lXn)rc.

Equation (34), for a particular mode number n and plate-back ratio R, is a quadratic
equation in e and ~zhz if the product YtYZY3 is dropped. It represents a thickness-shear
branch in the regions of small Pi and shows that the branch has zero slope at e= ~ O.
This frequency equation is valid for any monoclinic plate with thin, uniform plating of
negligible stiffness for which Rn ~ L

If coupling of this thickness-shear mode with another, e.g. thickness-stretch, is not
too great,

sin Gz +(RGz +yz) cos Gz ::::: sin Gz,

sin G3 +(RG3+Y3) cos G3 ::::: sin G3 ,
(35)

and then (34) reduces to an equation in eand eh2 only, i.e. a parabola. In this form the
branch, at small Pi' is fully described by its ordinate, slope (equal to zero) and curvature
at ~ = O. Whether this simplification can be adopted is dependent upon the relative magni
tudes of the elastic constants and the particular mode number n in question. For the
AT-cut the simplified frequency equation gives a sufficiently precise description of the
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branches at long wave lengths (accurate to one unit in the third significant figure) for all
but the ninth (n = 17) of the first ten modes if the following elastic constants, computed
from the principal values for alpha-quartz established by Bechmann [13J, are used:

Cll = 86·74

C\2 = --8·25

C\4 = -3·66

C24 = 5·70

C55 = 68'81

C56 = 2·53

C22 = 129·77

C44 = 38·61

C66 = 29·01

For n = 17, the thickness-shear branch is greatly influenced by the proximity of the fourth
antisymmetric thickness-stretch branch. The assumption of the first of (35) is, in that case,
not valid.

If sin G2 + RG2 cos G2 = 0, the thickness-shear branch coincides with an anti
symmetric thickness-stretch branch and the slope of the branch at ~ = 0 is no longer zero.
This is the situation which is approached at 11 = 17 for the AT-cut.

Likewise, if sin G] + RG j cos Gj =-~ 0, coincidence with a face-shear branch occurs.
In the AT-cut, the thickness-shear branch can approach a branch of this type much more
dosely than a thickness-strecch branch before the shapes of the branches are greatly
affected. This is due to the very weak coupling to face-shear through the elastic constants
for the AT-cut.

When jj is in the neighborhood of an' i.e. when the frequency in the infinite, plated plate
is near the cut-off frequency of the unplated plate, (34) reduces with the aid of (25), to

- - [. me . me _ me. me - lin:. /1n: J 2 2"
~ -i'l slll--sm-+Y2cos--sm'--+YjCOS--SIll- [1+0(R)+O(R /1}J

2V2 2v3 2V2 2V3 21'] 2/'2
(36)

r (
2E3~h)2 me. lin: (2E2~h\2 m,. Ilrc]+ V3 --- cos --- Sill + ['2 --J cos Sill -- [1 +O(RnIJ = 0

L nn 2V3 nn. 2V2 2V3

where

. (c2+ c12)cos8+(vks6+ cI4)sinO
E2 =--- . - -,

V2(c2 -Cl)

(Vk56 +C\4) cos 0 -(c3 + C12) sin 0
E3 = ----- ---~-----

V3(c] -Cl)

Equation (36) is identical in form with the frequency equation for the unplated branch.
In the notation of Ref. [1OJ, E~ = EjB and E~ = F/B. Thus for all practical purposes, the
effect of this amount of plating (Rn ~ 1) is to shift the branches down the frequency axis
an amount proportional to an (Fig. 2), but the shape remains the same. When the approxi
mations of (35) are valid and e is in the neighborhood of an, (34) reduces further to

(37)

where

(38)
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n,n

1-----(fin --------1

o

FIG. 2. Typical detail of the branches of the dispersion relation for thickness-shear modes of order n
in an infinite plated plate (TS.) and unplated plate (TS.).

In the subsequent development. all branches are ignored except that thickness-shear
branch in the vicinity of the frequency axis for a particular mode number n. For this
simplification to be valid, two conditions must be satisfied. First, K; must not be negative.
If it were negative, another branch would be above and sufficiently close to the thickness
shear branch to cause a decrease in frequency for increasing real ~h. Bechmann's Number
does not exist in such a situation. The second condition is that

j = 2, 3, m is any integer. (39)

Satisfaction of (39) insures that neither a thickness-stretch nor a face-shear branch is
present between~ and n~ at wave numbers near the frequency axis.

With these conditions the displacement solutions, omitting the time factor eiWt
, can

be written in the form

3

UI = All COS~XI I [ljpjSinijjX2,
j= I

3

U2 = All sin~xl I [2;iijcosijjX2,
j= I

3

U3 = A II sin ~x I I [3jPj cos ijjX2'
j= I

(40)

where ~, which obeys (34), or (37) when appropriate, is the abscissa of the one thickness
shear branch in the vicinity of the frequency axis. The infinity of other branches existing
at frequency (jj are ignored. The amplitude ratios

are found from (28) to be

j = 2,3,

(41 )

(42)
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where, under the restriction of (39),
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(_1)[(n-l)/2) cos OE
2

P2 = sin(mrj2v2)

_, (_1)[(n-l l/2] cos OE
3

P3 = .
sin(mr/2v3)

These pj are identical with the corresponding pj of the unplated case.

ANHARMONIC OVERTONES OF A PARTIALLY PLATED PLATE

(43)

At frequencies below cut-off in an infinite, unplated plate, solutions of the type pre
sented for the plated case are obtained in which the wave number ~ is imaginary, indicating
a non-propagating wave. For the partially plated plate illustrated in Fig. 1, the two infinite
plate solutions are employed, and the conditions at the interface Xl = ±a, given in
equations (6), are imposed. The frequency range of interest at some thickness-shear mode,
represented by n, is the narrow band between the two frequencies

0_ mrJ:i d -0 _ (n-IXn)1tj C I
W n - 2 P an W n - 2 P .

Rather than use the formulation involving an imaginary wave number, we write the
solutions for the unplated region in the form

(44)

(45)

in which ~ is real. The quantities L jj , Pj, '7j are identical with their corresponding symbols
for the plated case defined previously but with Pj --+ (3j, 8 --+ e, ~2 --+ _~2, and IXn = R = O.
Then (17), (27), and (42) give

Ul = Al1exp[+~(xl+a)][I+0({3i)]sin'71X2'

U2 = ±A 11 exp[+~(Xl +a)][l +o(pm(~~)uz,

U3 = ±A 11 exp[+~(XI +a)][l +o(pm(~~)U3'

where

Uz = L21 COS'71X2+PZCOS'72x2-tanOp3COS'73X2,

U3 = L31COS'71x2+tanOpzCOS'72X2+P3COS'73X2·



(46)
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From (39) the plated quantities can be written as

iii = All cos~xl[1+cxnEF(X2)J sin ry 1X2,

_ _ . _ (2~) ,
U2 = A II sm ~x I [1 + cxnEF(X2)J nn U2'

_ - . - (2~) ,U3 = All sm ~xI[1 +cxnEF(X2)J nn U3,

where EF(x2 ) designates an even function in X2 with amplitude approximately equal to
unity. Employing the displacement continuity condition of (6) and ignoring the error
terms in (45) and (46), we obtain

A I I = A I I cos ~a,

AI1~ = AI1~ sin ~a.
(47)

Consideration of the traction continuity condition represented by the stress equalities
of (6) also gives (47) to the same degree of approximation. Equations (47) require

I
: cos ~a I= 0 (48)
.., ~ sin ~a '

or

a 1 -I ~
- = -=-tan ~

h ~h ~
(49)

Note that (49) is identical with (41) of Reference [7J if the plating factors in that case are
taken to be unity. Equation (49), the plated frequency equation of (34) and the unplated
frequency equation taken from (36) (e ---+ G, ~2 ---+ - e) give the typical frequency spectrum
illustrated in Fig. 3. In this analysis only one of the infinity of branches was considered
when applying each infinite plate solution. Additional branches would have to be included
to satisfy the continuity condition more precisely at the interface.

moO

w~L ---=============:=:=;::j
a/h

FIG. 3. Typical frequency spectrum of the thickness-shear anharmonic overtones of a partially plated
plate between the cut-off frequencies for plated (w2l and unplated (w2l infinite plates.
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It is apparent from Fig. 3 that the values of a/h for which one additional overtone is
present may be found from (49) for ~ = °(the wave number at the cut-off frequency of
an infinite, unplated plate). This gives the equation

(50)In = 0, 1, 2, 3, ....
a Inn,

h ~hli:='n'

The first overtone becomes possible \vhen In = l. For iDn = ~hli:='n (Fig. 2), Bechmann's
Number for the nth harmonic overtone of thickness-shear is therefore

(51 )

Since ~ = 2n/L, where L is the wave length in the plated portion, then 2a = L. In other
words, similar to the result found in Ref. [7J for the first harmonic thickness-shear mode.
the critical plating width for any harmonic thickness-shear mode is equal to the wave
length of that mode in the infinite, plated plate at the cut-off frequency of the corresponding
mode in the unplated plate. This result was employed as a postulate in Ref. [8J for harmonic
overtones of thickness-twist modes. It should also be noted that. in the case of the thickness
twist modes, the difficulty with near coincidence of cut-off freq uencies of two types of
modes does not occur.

5 6 -7 ~ 9104~ .5 .6 :7 .8 .9 ~.2

---,- I

~
~
J

~[
~

40 J
I

30 1
20 j3

I
<fJ

I
f-C

CD
I

'OOR

FIG. 4. Bechmann's Number (8;5) YS. percent plate-back (IGOR) for thickness-shear modes of order n
in the AT-cut quartz plate. (Rn < 0·1).
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Where the approximations of (35) are valid, (37) and (51) give

B~s = rcKn(Rn)-± (52)

where K n is given by (38),
When another antisymmetric branch is so close to the thickness-shear branch in the

dispersion diagram that either one of (35) is invalid, then (36), rather than (37), with
t = iXn = Rn must be used with (51) to get BIs, In any case, Kn must be real and the con
dition of (39) must be satisfied, Equation (52) is valid for all except n = 17 of the first
ten modes in the AT-cut.

Figure 4 gives the values of BIs for the AT-cut with Bechmann's constants for quartz,
It is necessary to restrict the values to Rn ~ 1 for (36) and (37) to be valid.

It should be remarked that the higher n becomes, the greater is the required accuracy
of the elastic constants. This is particularly crucial when branches are close in the dis
persion diagram of the infinite plate. In these instances, slight changes in the constants
could radically affect the behavior of the branch, For example, a change of 0'007 in the
value of 1'2 could cause coincidence of the thickness-shear and thickness-stretch branches
at n 17 in the AT-cut.
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A6cTpaKT·-·PaCCMaTpHBaeTCSI MeTO.u onpe.ueneHllSl '1HCJ'ta 6cxMuHa )lJ1Sl rapMOlUl'leCKHX 06CpTOHOB
ath'J.fCHMMeTpH'IeCKl-lX C)lBl-lroBbIX KOJlc6aHHH KpHCTUJIJlH'ICCKl-lX n,1aCTHHOK. B 60JlblllHHCTBe CflY'lueB
pellleHHe MO)l(HO npe,UcraBHTb npocTOH $OPMYflOH B lIBHOM BII.ue. OPHBO.QlITCSI pUC'IeTbl Befll-l'lHHbI '1l-lC!1a
6exMaHa KBapneBoH nJ1UCTIIHKH AT Cpe3U .Q!111 nepBblx il,eCllTH $OpM KOJ1e6uHIIH )lflll flpe,1l.efloB npOneHTHoro
OTHOlllellHSI onllpUHHlI fl!1UCTHHKH, KOTopble BCTpe'lafOTCSI B npHMeHeHHSlX.


